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YU CEJI JIAHIIIOTOBUMMU A,-TPOBAMMUI
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BOro As-TipejicTaBieHHs JificHuX umcest 3 asndasitom {aq; as}. AKneHT 37ificHIOETBC Ha BU-
KOPHCTaHHI Teopil JIMHAMIYHUX CUCTEM, 30KpemMa TeopeMu Bipkxoda-XiHunHa sl JUHAMITHOT
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Boryn

st mocigoBHOCT] 1ofiaTHEX duces (a,) Ta HATYPAIBHOTO Kk MO3HAYMMO CKiHYEHHUI
JIAHITIOTOBUIT JIpi0

1
lag; a1, as, ..., ar] = ag + !
ai +
1
a9 +
1
Qp—1 + —
ag
Hexait
lag; ar, ag, ..., ag,...] = lim [ap;ay, ag, ..., ag) (1)
k——+oco

[pU YMOBI, 0 OCTaHHS IpaHulisd icuye. Bimmosinno 10 reopemu 3eiinens-1repra |6, 12, 13]
+oo

rpanut (1) icuye Toai i TLIBKU TOJI, KOJIU PsiJT E a,, PO30IXKHUIA.
n=1
VJIK 511.7

2010 Mathematics Subject Classification: 11K50.
This work was supported by a grant from the Simons Foundation (SFI-PD-Ukraine-00014586, M.P., O.M.).

@ [Ipamposurnit M.B., Makapuyk. O.IL., 2025



ITPO JEAKI METPUYHI PE3VJIBTATU [JIsI TTIPEJCTABJIEHHSI YNUCEJI 101

Ha sumipromy mpoctropi ([0; 1]; B[0; 1])(Bla; b] — o-anrebpa 6opeiBcbKux MHOXKHIH [a; b))
JUIsl KJIACHYIHOTO JIAHI[IOIOBOTO IIPEJICTaBJICHHs PO3IJIHEMO omeparop Laycca

T([0;a1,as, ..., an, ...]) = [0; a2, as, ..., Gpi1, ... (2)
ta Mipy Jlebera-Crinrbeca ¢)(+), mo Bianosigae GyHKIil po3nomiay
g(x) = logy(x + 1), 2 € [0;1].

Bignosigna mipa () masubaerbea mipoio Laycca. Tobpe Bigomo [11], mo aunamiuna
cucrema ([0;1]; B[0;1];9(-); T') € eprogunoio, 6inbmr Toro [3] mepersopemnnst 7' € CHIIBHO
[epeMINIyIoYnM, TOOTO

lim »(ANT"(B)) = (A)w(B) VA, B € B[0; 1],

n—-+oo

e
T"(z) = T(T(..T(z))), T-"(B)={z| T"(x) € B}.

Ak mokazas O.Xinuin 7] mausa maiike Beix (B posyminni mipu Jlebera A(+)) gmcen x 3
JIAHIIOrOBUM 306pazkKeHHAM T = [ag; a1, Gg, ..., Ak, ...] BAKOHYIOTHCS YMOBU

ay + as + ... + ay,
n

— +00 (n — +00),

+00 logs (k)
1 2
lim {/aias...a, = H (1 + W) ~ 2,6854 — crasia Xinuunna,

n—-+00 )
+o0 ] ( + 1) -1
. n 0gy(n
lim = — ~ 1,7154.
n%+ooa—1l—|—é+...+t (; n(n+1))
Hexait <§ T:Eg) — IOCJIJIOBHICTD TiJIXITHUX JAPpoOiB, IO BIANOBIIAIOTH YNCIY X. 1K OKa-
3aB I1. Jlesi [8] mas maiizke BCix wmcen x = [ag; ay, as, ..., Ay, ...| BAKOHYIOTbCS yMOBI
li 1#{1<’< ca; =1} =1 1+ Vie N
A A A N [ /
In(q, 2
lim n(gn (7)) — ~ 1,1866 — crasia Xinunna-Jlesi,
n—+00 n 12 111(2)
pn(z)
In((A* In ’x rwe 2
i AL wO T 0,5933,
n—-+oo n n—-00 n 61n(2)

e Af(z) — MuOKuHA 9ucest, nepim n + 1 nudp JaHIIIoBOro IpeICTaBIeHHS IKUX PiBHI
BIJIIOBIHO ag, @1, .., Qp-

Bigomo [4], mo mist KozkHOrO Uncaa t € [ag; s, e ap < g — JOJATHI YHCIa Taki, 1o
10y = %7 icuye mocstioBHicTh (b,) KOXKeH 4iieH Kol piBHUI «p abo ap 1 BimosiaHo

t = [0, bl, ceey bn, ]
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Biamosiae 306pazkeHHsT HA3UBAETHCs JTAHIIOTOBUM Ay-300pazkentsM 3 ajadasitom {ag; as}.
Hesika 3uncienna MuoxkuHa uncen (Ao-GiHapHuX) BiAPI3KY [a; o] Mae BiamosiaHo 1Ba Ao-
300parkKeHHsT BULY

[O, bl, vy bnfl, aq, (041, C(Q)] = [O, bl, vy bnfl, a9, (CYQ, 051)],

Jie KPYIJIl JIy’KKUH CUMBOJIZYIOTH Tepiojl. Yci pernra 4ucia BiIPI3KY [aq;as] (As-yHaphi)
MaloTh €nuHe Ap-300pakentsi. B mogasbmiomy st Ap-GiHapHUX dwces BIIPI3KY [ov; sl
6y/1eMO BUKOPHCTOBYBaTH Ap-306pazkKeHHsl, M0 MICTHTD epiof (aq, ag).

Torooro-MeTpuvaHa Teopis JAHIroBoro As-306pazkeHts mobymoBana B podoti [4]. Jle-
OeriBchbka Ta (pakTajibHa CTPYKTYpa PO3IOJUIB, 3aJaHUX B TepMiHAX JIAHIFOTOBOTO As-
300paxKeHHs JIoc/KyBasiach B poborax |9, 10]. fk Gyno nokaszano B 9] jyist Maiixke Beix
quces T € [og; ol

\/ < = 0.

Hexait n(-) — wmipa JleGera-CrinTbeca, 1m0 BiAoBigae abCcoIIOTHO HenepepBHiil dyHKIIil

In (%) +1In (%ﬁ”)
2In(ay + az) — In(2)

pO3LOALITY

Vo € [ag; an),

flx) =
3 MIJILHICTIO

. 2042 — 20(1 1
~ 2In(a; +az) —In(2) (2 + 2aq) (2 + 200)

V€ [ar; asl.

p()

Hayxkoa poboTa npucBsdena J0C/iIZKEHHIO METPUIHIX BJIACTHBOCTE JJI JTAHIIIOTOBOTO
Ay-306paenns 3 andasiTom {aq; oo}, 30KpeMa obyI0Bl BiIIOBIIHIX AHAJIOTIB PE3Y/IbTATIB
Xingyuna-JIeBi Ha OCHOBI TeOPil JUHAMIYHUX CUCTEM.

1 EProgM4HICTb AUHAMIYHOI CUCTEMU ([aq; aq); Blag; as);n(-); 1) AJis
JIAHIIFOTOBOT'O Ap-30BPAYKEHHSA 3 AJI®GABITOM {aq;as}.

Hexait janmorose As-300parkeHHs 9UC/Ia T Ma€ BULJIAL
r = [0;ay,as, ..., Gk, ...]. (3)
Poszriigaemo mocinoBHOCTI
Qn(x) = qn(ah ag, .-, an) = ananl(ala ag, ..., alnfl) + an2(a17 ag, ..., anf2>7

pn(:L‘) = p’rL(ah ag, ..., a”fl) = anpn—l(a’b ag, ..., a?’b—l) +p7’b—2(a17 a2, ..., a?’b—2)a
p-1=1 ¢1=0, pp=0, =1
Hobpe Bijgomo [4, 6], mo

lim Pn(2)

ntoo qu(@) L n(2)@n-1(2) = pu-1(2)gn(z) = (=1)"*" Vn € N,
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(T
q3_§<i> = an; n-1, -2, ..., 1] € fa1;300] V1 € N, (4)
n+1 n+1

(z) > 1 a; + /a2 +4 ar— /a2 +4 5
)= - P = Wy,
¢ a? +4 92 5

n+1 ntl
n(z) < v (o= oy +4
4 a3 +4 9 5

Hng aucna z 3 npanmorosuM As-300pazkeHHsM (3) B MOJAJIBIIOMY, TaM Jie 1ie HeoOXiJHO,
6y 1eMO BUKOPUCTOBYBATH €KBIBAJIEHTHI O3HAYCHHSI Gy, G (X)), Gn(a1; ag; ...; ay,) Ta BIAIIOBIHO
Py Pn(T), Pn(ar;ag;...; ay). [osaaunmo

[z;y]" = [min(z; y); max(z; y)].
Hexait qmciio o mae maniorose As-306pazkenuam (3). Bigomo [4], mo Muoxuna quces Buty

{[0, ay1,09,. .. ,&n,fl,fg, ]|fk c {&1;052}Vk’ € N}

€ BIJIpiZKOM
_ DPn + A1Pn—1 . Pn + A2Pn—1 :

An = An ) A A (4 ’
(gj) (a1 as a ) Qn + 1Pp_1 Gn + CaPp_1

(IEUTIHIPOM N-TO PAHTY ), IPUYIOMY JOBLIbHI PI3HI IUITIH/PU N-T0 PAHTY MAfOTh IOHAHGIIbIIE
OJIHY CIIJIBHY TOYKY.

Teopema 1. /[unamiuna cucrema ([ag; as); B([on; asl);n(+); T) eproamuna.

Jlosedenns. Tlokazkemo, mio neperBopentst 1 36epirae mipy 7(-). s mporo g0cTaTHbo 110-
Kas3aTH, 10 s JOBLIbHOTO BiAPI3KY [o; ] C [ay; ap] BUKOHYETHCS yMOBa

Ockispkn [1]

B+a a+ o B+ay a+ ay

) = || Y 5 a

(T~ (s B))) = n(T([e B]))

10 -t =1 () () 1 (are) - (51 ) @

w1041 (59 )+ (o) =0+ 7 (e )+ (e )

IO BIPHO, ajzKe JIJI KOXKHOTO T € [aq; (g

f(x)+f(x+1&2) +f (xj%) :3d—|—c(v(:v)—|—v (xj%) +o (Hlal)) _
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104
_ad+eln x+2(1y1‘2a193+2a%—|—1_ 2a1351+2 _
T+ - 42 RN
(5] (e5) (5] ay
r+2a; 2000x+2a2+1 2042+ 2
=3d+cln | —5=- . 1 ereraadil | = 3d + cIn(4af) — const,
aq aq T
e

= d =
‘ 2In(a; + @) — In(2)’ 2In(a; + ag) — In(2)’ T+ 20

+2
1 In <a13a1a2) T+ 20
v(z)=In|——].
[Tokazkemo, 1110 IepeTBOpenHs 1’ eprogudne, TOOTO JJIsI JOBLILHOI iIHBapiaHTHOT MHOXKITHI
W (T~ (W) = W) sukonyerbcs ymosa (W) € {0;1}. Hexait [a;b] C [ay; as), (c1,¢ay- .-, Cn)
— Habip umcesa 3 MHOKUHE {a1; (s}

3po3ymijio, 1o

1 111"
A (T’"([a; b)) ﬂAn(cl,cz,...,cn)) = A (HO; 01,02,...,0,1,5] : [0;01,62,...,07“5” > =

(b—a)
(bgn—1 + qn)(aqn_1 + qn)

_ Pn—1+ %pn . Pn—1 T+ épn
Gn—1 + %Qn Gn—-1 + £Qn

1 (qn + CVIanl)(qn + 052an1>
= Ma:b]) - M(A,) - . .
(L 8]) - AlAa) as—ar  (bgn_1+ qn)(aGn_1+ qn)

: __zton 1 a2—ag : .
Jlerxo Gaumry, mo dynkmia h(z) = 2 ol =1 — 2222 € 3p0OCTalouoI0 Ha IPOMIKKY [y ag).

Bpaxosytoun ymoBy (4) mMaemo

<Qn + a1Qn71)<Qn + OéQanl) > (Qn + 041%171>(qn + 042an1> _
(bGn—1 + @)(aGn-1+qn) — (@n + @2Gn—1)(qn + a2Gn—1)

<Qn+a1qn71) _ h( An ) Z h(al).
(Qn + O‘ZQn—l) gn—1

Hexait £ — imBapianTHa MHOKHHA BijHOCHO neperBopertst 1, mpudomy A(E) > 0.

Ockinbru T~ "(E) = E, 10 MaeM0

AMENA,) =AT™E)NA,) > Mo \Ea,)
Qg — (1
i BpaxoBytouu Jjiemy Knorma |2, 5], orpumaemo
)\(E) = 09 — (7.

Ockinbku Mipa 7)(-) exBiBastenTHa Mipi A(+), To Maemo n(E) = 1.
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2  METPUYHI PE3YJBLTATU J1JIs1 JJAHILIIOTOBOI'O A,-IIPECTABJIEHHSI YUCEJ
BIJIPI3KY [ay; o).

Mg aucna x 3 nanimoropuMm As-300pazkentsm (3) jyist #abopy mudp (b, ba, ..., by), 1e
bj € {a1; ap} st kozknoro j € {1;2;...; k}, mo3HaduMo rpaHuio (3a yMOBH, II0 BOHA iCHYE)
N, ((by. by, ... b):
v((by, by, ... by); ) = lim (URP r) x),

n—00 n

ae N, ((b1,bs,...,b); x) — Kinbkicts HaGopiB mudp (by;ba; . .. ;bg) cepen

(a17a27 A 7ak>7 (a27a37 A 7a/k+1)7 ctt (anfk'ﬁ’l? A 7an>-

Teopema 2. /s maiizke Bcix guces t € [aq;anp] € BIpHOIO yMoBa: JJIsT KOXKHOIO HabOpy

(b1; ba; . .. ; by,) Takoro, mo b; € {ay; aq} rst koxxmoro j € {1;2;...; k}, BAKOHy€TbCs PIBHICTD
V((by, by - )i t) = / p(x)dz.
A (b1,ba,....b)
Jlosederna. s 3amanoro numisapy Ag(by, ba, ..., by) posrisaemo dyHKILO

1, x € Ak<blab27-"7bk)7
r(z) =
07 T ¢ Ak<blab27"'7bk)'

3a Teopemoro Bipkxoda-Ximanua muoxuua C(by, bs, . .., by) duces r Takux, 1Mo
T - A
iy "L@) A (T (2) / p()da
n—o0 n
A (b1,b2;...,bk)

mae mipy 7(+) piBay 1 i BigmosigHO

A(C(bla b27 s 7bk‘)) = Qo — (.

Hexait muoxkuna C* e nepernrom Beix MuokuH C'(by, by, . .., bg) 1O BCiX HaTypaJbHUX k Ta
Bianmosiaux HAGopax (by, be, . .., by). 3posymiio, mo n(C*) = 1.
OckinbKkn .
r (T%(z)) = Nu((b1,bo, ..., by); )
k=1
MaeMo oTpibHe. O

BpaxoByioun nonepejiHio TeopeMy JIEFKO OTPUMATH HACTYITHUN HACJIIIOK

Hacuimok 1. /list maiizke BCix duces1 © 3 JIAHIFOTOBUM Ag-300pazkeHHsiM (3) BUKOHYIOTHCSI

YMOBH

1
a1 + Qo

V(o)) = flaz) — f (

ap+as+...+ay

) = D(ay),

lim = a1 D(a1) + az(1 — D(an)),
n—o00 n
lim aras. - ap = a’ ™). a;_D(al).

n—oo
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Teopema 3. IlozHa4mnmo

Jltst maiizke BCIX ducest x € [ (ia] BHKOHYETHCST YMOBA

lim {/qn(z) = €.

n—oo
Josedenna. Jlerko baunuTu, 1Mo
pa(ar; as;...;a,) = gn1(a; as;. . .;an),
10610 Py () = ¢n_1(T()) 1 BignoBigHO Maemo
Pu(@) po1(T(z )) T @) pa(@) paa (T(@) (o (T2(2)))opr (T () 1
qn( ) 4u1(T(x)) (h(T @) an(@)  pa(@)per(T(@))-.p2(T72(2)) n(x)’
amke p (T 1(z)) = 1. Maemo
pa(®) o pai(T(2)) pi(T" ()
—1In(g,(z)) =1In +1In + ...+ In—
) =ty ) T ) 0 (T (x)
Hna z € Ag(z), maemo
In(z) —In Pe(2) < Imax(In t)" “AMAR(2)) < 200N (Ag(2)).
qr(2) A
Bpaxosyroun (5) maemo
Qg — O Qg —
AMAg) = < = C,
() (1gr—1 + qr)(C2qr—1 + qr) ~ (rwp—1 + wg) (w1 + wy,) ’

“+o0o
PUIOMY PSJT Z ¢, 30iraerned j10 aedkol craugol L > 0.

n=0

Taxkum anaOM, /71 KOzKkHOTO j € {0;1;...;n — 1} BuKOoHyeThCSA yMOBa

PP
i (2=l ) = (@) + o),

ne Aj(x) < 2as¢,—;. 3a Teopemoro Bipkxoda- Ximuanma, 11s n-Maiizke BCix = € [og; ag)

- k
ST

n—1 n—1
Ockimpku | Y Ap(z)| < > 2a0¢, < 2anL Maemo, 1110 71 1)-Maiizke BCiX © € [ag; ag)
k=0 k=0
1 1 n—1 1 n—1
—1 =— Y In(THz)— =) Aulz) = —
n(ga(2) =~ ST @) — ST Ayle) 5 G (0 +oo)
k=0 k=0
3BiJIKM BUILTUBAE MOTPiOHE. [

TBepmxkennst 1. [Ipeverom 1oaIbIIOrO JOCIIZKEHHS MOXKYTh Oy TH TOIIOJIOTO-(ppaKTajIbHi
BJIACTHBOCTI MHOXKWH, SIKI He 38JJ0BOJILHSIIOTH METPUIHI YMOBH TeopeM 2 Ta 3.
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Pratsiovytyi M.V., Makarchuk O.P On some metric results for representation numbers by conti-
nued As-fractions, Bukovinian Math. Journal. 13, 1 (2025), 100-108.

The classical problem of metric number theory is the search for properties that hold almost
everywhere in the sense of the Lebesgue measure for the corresponding representation. An
important result in the corresponding context is the well-known result of E. Borel for the
classical s-adic representation of real numbers, which was subsequently significantly developed
and deepened, in particular, by means of the theory of probability and dynamical systems. The
rapid development of the theory of Diophantine approximations is associated, in particular
with the classical continued fraction representation as a means of finding the best, in some
sense, approximations of irrational numbers to rational ones. The latter aspect undoubtedly
created the need to find metric properties for numbers given by continued fractions with natural
elements. The first metric results for the classical continued fraction representation were obtai-
ned by O. Khinchyn, by rather complex methods, on the basis of a thorough analysis of the
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topological-metric properties of the corresponding representation. Other metric results were
subsequently obtained by P.Levi. An important step in the development of methods of metric
number theory was played by the theory of dynamical systems, in particular, the Birkhoff-
Khinchin theorem. A relatively new concept is the continued fraction As-representation of
real numbers. This representation involves the use of only two positive digits of the alphabet,
the product of which is equal to 0.5. Thus, the continued fraction As-representation of real
numbers occupies an intermediate place between the classical binary representation and the
classical chain one, which in turn is characterized by an infinite alphabet. The corresponding
similarity, on the other hand, does not allow using the means of the laws of large numbers to
find metric properties of numbers that have a continued fraction As-representation. It should
also be noted that the direct methods used by O. Khinchin and P. Levi are also difficult
to obtain the corresponding results for the continued fraction As-representation. The paper
considers some metric results given in terms of the continued fraction As-representation of
real numbers with the alphabet {a;;as}. The ergodic properties of the dynamical system are
studied of the system corresponding to the Bernoulli shift of the symbols of the corresponding
As-representation of real numbers of the segment [a; aa].



