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GROWTH AND EXISTENCE OF ANALYTIC IN A BIDISC FUNCTIONS OF

BOUNDED L-INDEX IN JOINT VARIABLES

We obtained growth estimates for bivariate functions which are analytic in the unit bidisc
and have bounded L-index in joint variables. The positive continuous function L(z1, z2) =

(l1(z2, z2), l2(z1, z2)) satisfies additional behavior condition: for every point z = (z1, z2) belong-
ing the unit bidisc D2 the appropriate value of the function lj at this point is greater than the re-
ciprocal to 1−|zj | multiplied by β, i.e. lj(z) > β/(1− |zj |) for each j ∈ {1, 2} and some constant
β > 1. Also we prove that for every analytic functions in the unit bidisc with bounded multiplci-
ities of zero points there exists a positive continuous function L(z1, z2) = (l1(z2, z2), l2(z1, z2))

providing boundedness of the L-index in joint variables for primary analytic function.
Key words and phrases: growth estimate, analytic function, bidisc, bounded L-index in

joint variables, existence theorem, zero points with bounded multiplicities.
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1 Introduction

Theory of analytic functions in the unit bidisc having bounded L-index in joint variables was
deeply developed by N.V. Petrechko with her co-authors A.I. Bandura and O.B. Skaskiv [2, 3, 6].
Moreover, there was proposed some application [11] of this theory to analytic solutions of linear
higher order system of partial differential equations. But there are some early announced results at
conferences in Chernivtsi University [9] which were not published with full proofs. This paper fills
the indicated gap and presents existence theorem and growth estimates for this class of functions.

We consider two-dimensional complex space C2. Denote R+ = [0,+∞), 0 = (0, 0) ∈ R2
+,

1 = (1, 1) ∈ R2
+, 11 = (1, 0), 12 = (0, 1), R = (r1, r2) ∈ R2

+, z = (z1, z2) ∈ C2. For A = (a1, a2) ∈ R2,

B = (b1, b2) ∈ R2 we will use formal notations without violation of the existence of these expressions

AB = (a1b1, a2b2), A/B = (a1/b1, a2/b2), b1 ̸= 0, b2 ̸= 0, AB = ab11 ab22 , b ∈ Z2
+,
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and the notation A < B means that aj < bj , j ∈ {1, 2}; the relation A ≤ B is defined similarly. For
K = (k1, k2) ∈ Z2

+ denote ∥K∥ = k1 + k2, K! = k1!k2!.

The bidisc {z ∈ C2 : |zj − z0j | < rj , j = 1, 2} is denoted by D2(z0, R) and the closed bidisc
{z ∈ C2 : |zj − z0j | ≤ rj , j = 1, 2} is denoted by D2[z0, R], its skeleton is denoted by T2(z0, R) =

{z ∈ C2 : |z1| = |z2| = 1}, D2 = D2(0,1), D = {z ∈ C : |z| < 1},where z0 = (z01 , z
0
2). For p, q ∈ Z+

and the partial derivative ∂p+qF (z1,z2)
∂zp1∂z

q
2

of analytic function F (z) in D2 we will use the notation

F (p,q)(z) = F (p,q)(z1, z2) :=
∂p+qF (z1, z2)

∂zp1∂z
q
2

.

Let L(z) = (l1(z), l2(z)), where lj(z) : D2 → R+ is a continuous function such that

(∀z ∈ D2) : lj(z) > β/(1− |zj |), j ∈ {1, 2}, (1)

and β > 1 is some constant. M.M. Sheremeta [14], V.O. Kushnir [10] imposed a similar condition
for a function l : D → R+ and l : G → R+, where G is arbitrary domain in C. A.I. Bandura and
O.B. Skaskiv [1] used the similar condition to consider analytic functions in the unit ball of bounded
L-index in joint variables.

An analytic function F : D2 → C [2, 3, 6] is called a function of bounded L-index (in joint
variables), if there exists n0 ∈ Z+ such that for all z = (z1, z2) ∈ D2 and for all (p1, p2) ∈ Z2

+

1

p1!p2!

|F (p1,p2)(z)|
lp11 (z)lp22 (z)

≤ max

{
1

k1!k2!

|F (k1,k2)(z)|
lk11 (z)lk22 (z)

: 0 ≤ k1 + k2 ≤ n0

}
. (2)

The least such integer n0 is called the L-index in joint variables of the function F (z) and is denoted
by N(F,L,D2) = n0.

We need some additional notations from [3]. By Q(D2) we denote the class of functions L, which
satisfy condition (1) and the following characteristics are finite:

(∀rj ∈ [0, β], j ∈ {1, 2}) : 0 < λ1,j(R) ≤ λ2,j(R) < ∞, where

λ1,j(R)= inf
z0∈D2

inf
{

lj(z)
lj(z0)

: z∈D2
[
z0, R/L(z0)

]}
, λ2,j(R)= sup

z0∈D2

sup
{

lj(z)
lj(z0)

: z∈D2
[
z0, R/L(z0)

]}
.

For an analytic function F in the unit bidisc we put M(R, z0, F ) = max{|F (z)| : z ∈ T2(z0, R)}.
Then M(R, z0, F ) = max{|F (z)| : z ∈ D2[z0, R]}, because the maximum modulus for analytic
function in a closed polydisc is attained on its skeleton.

We will use the following statement.

Theorem 1 ([3]). Let L ∈ Q(D2). If an analytic function F in the unit bidisc D2 has bounded
L-index in joint variables, then for any R′, R′′ ∈ R2

+, 0 < R′ < R′′ ≤ (β, β) there exists p1 =

p1(R
′, R′′) ≥ 1 such that for every point z0 ∈ D2 one has

M
(
R′′/L(z0), z0, F

)
≤ p1M

(
R′/L(z0), z0, F

)
. (3)

2 Growth of analytic in a bidisc functions of bounded L-index in joint
variables

At first, we will prove the following lemma.
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Lemma 1. If L ∈ Q(D2), then for every j ∈ {1, 2} and for any fixed z∗ ∈ D2 one has |zj |lj(z∗ +
zj1j) → ∞ as |z∗j + zj | → 1− 0.

Proof. Taking into account (1), for j ∈ {1, 2} we obtain such an estimate

lj(z
∗ + zj1j) ≥

β

1− |z∗j + zj |
→ +∞

as |z∗j + zj | → 1− 0.

For growth estimates of analytic in a bidisc functions of bounded L-index in joint variables we
suggest that L(z) = (l1(|z1|, |z2|), l2(|z1|, |z2|)) and for all z ∈ D2, j ∈ {1, 2}

lj(|z1|, |z2|) >
β

1− |zj |
, (4)

where β > 1 is some constant. For simplicity we will denote M(F,R) = max{|F (z)| : z ∈ T2(0, R)},
where R = (r1, r2) < (1, 1). Also the following notation β = (β, β) will be used. The growth
estimates of various classes of holomorpic functions of several complex variables can be found [4, 5].
The following result was presented only in the dissertation of Petrechko N.V. [12].

Theorem 2. Let L ∈ Q(B2) and L(z) = (l1(|z1|, |z2|), l2(|z1|, |z2|)) satisfies (4). If an analyitc in
the bidisc D2 function F has bounded L-index in joint variables, then

lnM(F,R)=O

(
min

{∫ r1

0
l1(t, r2)dt+

∫ r2

0
l2(r

0
1, t)dt;

∫ r2

0
l1(r1, t)dt+

∫ r2

0
l2(t, r

0
2)dt

})
as r1 → 1− 0, r2 → 1− 0, R0 = (r01, r

0
2) are fixed radii.

Proof. Let R > 0, R < 1, and z∗ ∈ T2(0, R+ β
L(R)) be a point such that

|F (z∗)| = max

{
|F (z)| : z ∈ T2

(
0, R+

β

L(R)

)}
.

Let us denote z0 = z∗R
R+β/L(R) . Then

|z0j − z∗j | =

∣∣∣∣∣∣ z∗j rj

rj +
β

lj(R)

− z∗j

∣∣∣∣∣∣ =
∣∣∣∣∣∣z

∗
jβ/lj(R)

rj +
β

lj(R)

∣∣∣∣∣∣ = β

lj(R)
and

L(z0)=L

(
z∗R

R+ β/L(R)

)
=L

(
(R+ β/L(R))R

R+ β/L(R)

)
=L(R).

We consider two sceletons T2(z0, 1
L(z0)

) and T2(z0, β
L(z0)

). By Theorem 1 there exists p1 = p1(1,β) ≥
1 such that (3) is valid for R′ = 1, R′′ = β, i.e.

max

{
|F (z)| : z ∈ T2

(
0, R+

β

L(R)

)}
= |F (z∗)| ≤ max

{
|F (z)| : z ∈ T2

(
z0,

β

L(R)

)}
=

= max

{
|F (z)| : z ∈ T2

(
z0,

β

L(z0)

)}
≤ p1max

{
|F (z)| : z ∈ T2

(
z0,

1

L(z0)

)}
≤

≤ p1max

{
|F (z)| : z ∈ T2

(
0, R+

1

L(R)

)}
. (5)
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The function ln+max{|F (z)| : z ∈ T2(0, R)} is a convex function in the variables ln r1, ln r2 (see
[13, p. 84 ]). Then the function admits the representation

ln+max{|F (z)| : z ∈ T2(0, R)} − ln+max{|F (z)| : z ∈ T2(0, R+ (r01 − r1)11)} =

∫ r1

r01

A1(t, r2)

t
dt,

(6)

ln+max{|F (z)| : z ∈ T2(0, R)} − ln+max{|F (z)| : z ∈ T2(0, R+ (r02 − r2)12)} =

∫ r2

r02

A2(r1, t)

t
dt

(7)

for any 0 < r0j ≤ rj , j ∈ {1, 2}, where the functions A1(t, r2), A2(r1, t) are positive non-decreasing
functions in the variable t.

Using (5), we establish

ln p1 ≥ lnmax

{
|F (z)| : z ∈ T2

(
0, R+

β

L(R)

)}
− lnmax

{
|F (z)| : z ∈ T2

(
0, R+

1

L(R)

)}
=

= lnmax

{
|F (z)| : z ∈ T2

(
0, R+

β

L(R)

)}
− lnmax

{
|F (z)| : z ∈ T2

(
0, R+

1+ (β − 1)12
L(R)

)}
+

lnmax

{
|F (z)| : z ∈ T2

(
0, R+

1+ (β − 1)12
L(R)

)}
− lnmax

{
|F (z)| : z ∈ T2

(
0, R+

1

L(R)

)}
=

=

∫ r1+β/(l1(R))

r1+1/l1(R)

1

t
A1

(
t, r2 +

β

l2(R)

)
dt+

∫ r2+β/(l2(R))

r2+1/l2(R)

1

t
A2

(
r1+

1

l1(R)
, t

)
dt ≥

≥ ln

(
1 +

β − 1

r1l1(R)+1

)
A1

(
r1, r2 +

β

l2(R)

)
+ ln

(
1 +

β − 1

r2l2(R)+1

)
A2

(
r1 +

1

l1(R)
, r2

)
(8)

By Lemma 1 one has r1l1(R) → +∞ as r1 → 1 − 0, r2 → 1 − 0. Hence, for j ∈ {1, 2} and ri ≥ r0i
we deduce

ln

(
1 +

β − 1

rjlj(R) + 1

)
∼ β − 1

rjlj(R) + 1
≥ β − 1

2rjlj(R)
.

Thus, for every j ∈ {1, 2} from inequality (8) it follows that

A1

(
r1, r2 +

β

l2(R)

)
≤ 2 ln p1

β − 1
r1l1(R),

A2

(
r1 +

1

l1(R)
, r2

)
≤ 2 ln p1

β − 1
r2l2(R).

Let R0 = (r01, r
0
2), where every r0j is chosen above. Applying consequently equalities (6) and (7), we

obtain

lnmax{|F (z)| : z ∈ T2(0, R)} =

= lnmax{|F (z)| : z ∈ T2(0, R+ (r01 − r1)11)}+
∫ r1

r01

A1(t, r2)

t
dt =

= lnmax{|F (z)| : z ∈ T2(0, R+ (r01 − r1)11 + (r02 − r2)12)}+
∫ r1

r01

A1(t, r2)

t
dt+

∫ r2

r02

A2(r
0
1, t)

t
dt =

=lnmax{|F (z)| : z ∈ T2(0, R0)}+
∫ r1

r01

A1(t, r2)

t
dt+

∫ r2

r02

A2(r
0
1, t)

t
dt ≤

≤ lnmax{|F (z)| : z ∈ T2(0, R0)}+ 2 ln p1
β − 1

(∫ r1

r01

l1(t, r2)dt+

∫ r2

r02

l2(r
0
1, t)dt

)
≤
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≤ lnmax{|F (z)| : z ∈ T2(0, R0)}+ 2 ln p1
β − 1

(∫ r1

0
l1(t, r2)dt+

∫ r2

0
l2(r

0
1, t)dt

)
≤

≤ (1 + o(1))
2 ln p1
β − 1

(∫ r1

0
l1(t, r2)dt+

∫ r2

0
l2(r

0
1, t)dt

)
.

Hence, the following asymptotic equality holds

lnmax{|F (z)| : z ∈ T2(0, R)} = O
(∫ r1

0
l1(t, r2)dt+

∫ r2

0
l2(r

0
1, t)dt

)
as r1 → 1− 0, r2 → 1− 0, Clearly, the similar equality can be proved for other permutation σ2 of
the set {1, 2}, particularly,

lnmax{|F (z)| : z ∈ T2(0, R)} = O
(∫ r2

0
l1(r1, t)dt+

∫ r1

0
l2(t, r

0
2)dt

)
Hence, Equation (2) is true. Theorem 2 is proved.

3 Existence theorem for analytic functions in the unit bidisc with bounded
multiplicities of zero points

Let ZF be a zero set of the analytic function F : D2 → C. If z0 ∈ ZF , then by pF (z
0
1 , z

0
2)

we will denote the multiplicity of zero point z0 = (z01 , z
0
2) of the function F (z1, z2), i.e. for all

J = (j1, j2) ∈ Z2
+ with j1+ j2 < pF (z

0) one has F (j1,j2)(z01 , z
0
2) = 0, but at least for one J = (j1, j2)

with j1 + j2 = pF (z
0
1 , z

0
2) the following equality holds F (j1,j2)(z0) ̸= 0.

The following theorem was obtained for entire functions of several complex variables in [8] and
for functions analytic in the unit ball in [7]. For polydisc it was announced in [9].

Theorem 3. In order that for an analytic function F : D2 → C there exist a positive continuous
function L(z) = (l1(z1, z2), l2(z1, z2)) satisfying (1) such that F is a function of bounded L-index
in joint variables it is necessary and sufficient that there exists p ∈ Z+ such that pF (z

0) ≤ p for all
z0 ∈ ZF .

Proof. The proof is similar to the proof of Theorem 4 in [7] for analytic functions in the unit ball.
Necessity. To simplify the notation we consider everywhere in the proof p0 := pF (z

0
1 , z

0
2).

Necessity follows from the definition of bounded L-index in joint variables. Indeed, assume on the
contrary that

(∀p ∈ Z+)(∃(z01 , z02) ∈ ZF ) : p0 > p.

This means that for some (j01 , j
0
2) ∈ Z2

+ with j01 + j02 = p0 one has F (j01 ,j
0
2)(z01 , z

0
2) ̸= 0 and

F (j1,j2)(z01 , z
0
2) = 0 for all (j1, j2) ∈ Z2

+ with j1 + j2 ≤ p0 − 1 and (z01 , z
0
2) ∈ ZF . Therefore,

the L-index in joint variables at the point z0 is not less than p0 > p, i.e.

N(F,L, z0) ≥ p0 > p.

If p → +∞, then we obtain that N(F,L, z0) → +∞. This contradicts the boundedness of L-index
in joint variables of the function F.

Sufficiency. Let p be the least integer such that ∀(z01 , z02) ∈ ZF one has p0 ≤ p. Let R = (r1, r2) ∈
R2
+ with rj ∈ [0, 1), j ∈ {1, 2}. We define R0 = (r01, r

0
2) = 1

2(min{1 − r1, r1},min{1 − r2, r2}),
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KR = {z ∈ C2 : z ∈ D2[0, R + R0] \ D2(0, R − R0)} for all R = (r1, r2) ∈ [0, 1) × [0, 1). Also we
denote

m1(r1, r2) = min
z0∈KR∩ZF

max
j1+j2≤p

{
|F (j1,j2)(z01 , z

0
2)|

j1!j2!
: F (j1,j2)(z01 , z

0
2) ̸= 0

}
.

Since F is an analytic function in the unit bidisc D2, there exists

E = E(r1, r2) = (ε1(r1, r2), ε2(r1, r2)) > 0

such that
|F (j01 ,j

0
2)(z1, z2)|
j01 !j

0
2 !

≥ m1(r1, r2)

2

for all
z ∈ KR ∩GE , GE =

∪
z0∈ZF

D2(z0, E(r1, r2)),

and for all (j01 , j02) with j01 + j02 ≤ p0 and F (j01 ,j
0
2)(z01 , z

0
2) ̸= 0.

Let us denote

m2(r1, r2) = min{|F (z)| : z ∈ D2[0, R+R0], z /∈ GE},
Q(r1, r2) = min {m1(r1, r2)/2,m2(r1, r2), 1} .

For every z = (z1, z2) ∈ D2 we put R = (|z1|, |z2|). Then at least one of the numbers |F (z1, z2)|,
|F (j1,j2)(z1,z2)|

j1!j2!
with j1 + j2 ≤ p is not less than Q(r1, r2) (respectively, |F (j01 ,j02)(z1,z2)|

j01 !j
0
2 !

for (z1, z2) ∈
KR ∩GE and |F (z1, z2)| for (z1, z2) ∈ KR \GE). This yields

max

{
|F (j1,j2)(z1, z2)|

j1!j2!
: j1 + j2 ≤ p

}
≥ Q(r1, r2). (9)

Using Cauchy’s formula for bidisc D2[z,R0] we deduce that for all J = (j1, j2) with j1 + j2 ≥ p+ 1

one has

|F (j1,j2)(z1, z2)|
j1!j2!

=

∣∣∣∣∣ 1

(2πi)2

∫
T2(z,R0)

F (τ)

(τ − z)J+1
dτ

∣∣∣∣∣ ≤ 1

(r01)
j1(r02)

j2
max{|F (τ)| : τ ∈ D2[0, R+R0]}.

(10)

A positive continuous function L(z1, z2) = (l1(z1, z2), l2(z1, z2)) can be chosen such that

l1(z1, z2) = l2(z1, z2) := max

{
max{1,max{|F (τ)| : τ ∈ D2[0, R+R0]}}

Q(r1, r2)(r01r
0
2)

1+α
,

β

1− r1
,

β

1− r2

}
,

where β > 1 is some constant, R = (r1, r2) = (|z1|, |z2|) and R0 = (r01, r
0
2) = 1

2(min{1 −
|z1|, |z1|},min{1− |z2|, |z2|}), α ∈ (0, 1) is fixed.

From (9) and (10) it follows that for all j1 + j2 ≥ p(1+α)
α

|F (j1,j2)(z1, z2)|/(j1!j2!lj11 (z1, z2)l
j2
2 (z1, z2))

max

{
|F (k1,k2)(z1,z2)|

k1!k2!l
k1
1 (z1,z2)l

k2
2 (z1,z2)

: k1 + k2 ≤ p

} ≤
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≤ max{|F (τ)| : τ ∈ D2[0, R+R0]}
Q(r1, r2)(r01)

j1(r02)
j2

1

max{lj1−k1
1 (z1, z2)l

j2−k2
2 (z1, z2) : k1 + k2 ≤ p}

≤

≤ max{|F (τ)| : τ ∈ D2[0, R+R0]}
Q(r1, r2)((r01r

0
2)

1+α)(j1+j2)/(1+α)
min{lk1+k2−j1−j2

1 (z1, z2) : k1 + k2 ≤ p} ≤

≤ lp−j1−j2
1 (z)

(max{1,max{|F (τ)| : τ ∈ D2[0, R+R0]}}
Q(R)(r01r

0
2)

1+α

)(j1+j2)/(1+α)
=

= l
p−(j1+j2)α/(1+α)
1 (z) ≤ 1,

because p − (j1 + j2)α/(1 + α) ≤ 0, (j1 + j2)/(1 + α) ≥ p
α ≥ 1 and l1(z1, z2) ≥ 1. Hence, we have

that for all j1 + j2 ≥ p(1+α)
α

|F (j1,j2)(z1, z2)|
j1!j2!l

j1
1 (z1, z2)l

j2
2 (z1, z2)

≤ max

{
|F (k1,k2)(z1, z2)|

k1!k2!l
k1
1 (z1, z2)l

k2
2 (z1, z2)

: k1 + k2 ≤ p

}
.

In view of arbitrariness of z, the analytic function F has bounded L-index in joint variables and
its L-index in joint variables does not exceed 2p, because p(1+α)

α → 2p as α → 1.
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Отримано оцiнки зростання для аналiтичних в одиничному бiкрузi функцiй обмежено-
го L-iндексу за сукупнiстю змiнних. Вiдповiдна додатна неперервна функцiя L(z1, z2) =

(l1(z2, z2), l2(z1, z2)) задовольняє додаткову умову на поводження в бiкрузi: для кожної
точки z = (z1, z2) з одиничного бiкруга D2 вiдповiдне значення функцiї lj у цiй точцi
бiльше за величину, обернену до 1 − |zj |, помножену на β, тобто, lj(z) > β/(1− |zj |) для
кожного j ∈ {1, 2} та деякої сталої β > 1. Також ми доводимо, що для кожної аналiтичної
в одиничному бiкрузi функцiї з обмеженою кратнiстю нульових точок iснує додатна непе-
рервна функцiя L(z1, z2) = (l1(z2, z2), l2(z1, z2)), для якої така аналiтична функцiя матиме
обмежений L-iндекс за сукупнiстю змiнних.


