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GROWTH AND EXISTENCE OF ANALYTIC IN A BIDISC FUNCTIONS OF
BOUNDED L-INDEX IN JOINT VARIABLES

We obtained growth estimates for bivariate functions which are analytic in the unit bidisc
and have bounded L-index in joint variables. The positive continuous function L(zy,z22) =
(11(22, 22), l2(21, 22)) satisfies additional behavior condition: for every point z = (21, 22) belong-
ing the unit bidisc D? the appropriate value of the function l; at this point is greater than the re-
ciprocal to 1—|z;| multiplied by 3, i.e. 1;(z) > 3/(1 — |z;]) for each j € {1,2} and some constant
B > 1. Also we prove that for every analytic functions in the unit bidisc with bounded multiplci-
ities of zero points there exists a positive continuous function L(z1, 22) = ({1 (22, 22), l2(21, 22))
providing boundedness of the L-index in joint variables for primary analytic function.
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1 INTRODUCTION

Theory of analytic functions in the unit bidisc having bounded L-index in joint variables was
deeply developed by N.V. Petrechko with her co-authors A.I. Bandura and O.B. Skaskiv |2, 3, 6].
Moreover, there was proposed some application [11] of this theory to analytic solutions of linear
higher order system of partial differential equations. But there are some early announced results at
conferences in Chernivtsi University [9] which were not published with full proofs. This paper fills
the indicated gap and presents existence theorem and growth estimates for this class of functions.

We consider two-dimensional complex space C2. Denote R, = [0,+00), 0 = (0,0) € R?,
1=(1,1) € R%,1; = (1,0),13 = (0,1), R = (r1,72) € R2, 2 = (21, 22) € C% For A = (a1,a3) € R?,
B = (b1, b2) € R? we will use formal notations without violation of the existence of these expressions

AB = (albl,agbg), A/B = (al/bl,ag/bg), b1 7& 0, bg ;é 0, AB = a?lagg, be Z2,
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and the notation A < B means that a; < bj, j € {1,2}; the relation A < B is defined similarly. For
K = (k1,ko) € Z% denote || K|| = ki + ko, K! = k1lko!.

The bidisc {z € C%: |z; — z?| < rj, j = 1,2} is denoted by D?(2%, R) and the closed bidisc
{zeC?: |z — z?| <rj, j = 1,2} is denoted by D?[20, R], its skeleton is denoted by T?(:%, R) =

{€C?: |2| = |2 =1},D? =D?*0,1), D= {2 € C: |z| < 1},where 2° = (20, 29). For p, ¢ € Z,
OPTIF (21,29)

5ra.7 — of analytic function F(z) in D? we will use the notation
1 2

and the partial derivative

OPHIF (21, 29)

(ra9) () = pPa) —
FPO(z) = F\PU (21, 29) 9703

Let L(2) = (l1(2),12(2)), where 1;(z) : D* — R, is a continuous function such that
(V2 € D?): 1i(2) > B/(1 —|zl), j € {1,2}, (1)

and > 1 is some constant. M.M. Sheremeta [14], V.O. Kushnir [10] imposed a similar condition
for a function [ : D — Ry and [ : G — Ry, where G is arbitrary domain in C. A.Il. Bandura and
O.B. Skaskiv [1]| used the similar condition to consider analytic functions in the unit ball of bounded
L-index in joint variables.

An analytic function F: D?* — C [2, 3, 6] is called a function of bounded L-index (in joint
variables), if there exists ng € Zy such that for all z = (21, 22) € D? and for all (p1,p2) € Z2

1 |[Fur)(z)] e { 1 [FUuk2) ()
< max

0< ki +k<np,p. 9
pl!pZ! lI1)l (Z)lgz(z) kﬂkz! l]fl (Z)ZIQCQ(Z) 1 2 O} ( )

The least such integer ng is called the L-index in joint variables of the function F(z) and is denoted
by N(F,L,D?) = ny.

We need some additional notations from [3]. By Q(ID?) we denote the class of functions L, which
satisfy condition (1) and the following characteristics are finite:

(Vrj €10,5], 7 €{1,2}): 0< A ;(R) <A (R) < oo, where

_ oo e ) Li(z) (R)— li(2) .
A (R) —Z(}relész{l]?(zo) :2€D? [2%, R/L(2Y)] } , A2 i(R) —5161]82 sup{lj](zo) 1 2€D? [2%, R/L(2Y)] } .

For an analytic function F in the unit bidisc we put M (R, 2°, F) = max{|F(2)|: z € T?(z°, R)}.
Then M(R,2°,F) = max{|F(z)|: z € D?[z° R]}, because the maximum modulus for analytic
function in a closed polydisc is attained on its skeleton.

We will use the following statement.

Theorem 1 ([3]). Let L € Q(D?). If an analytic function F in the unit bidisc D* has bounded
L-index in joint variables, then for any R',R" € R%, 0 < R' < R" < (B,) there exists p; =
p1(R', R") > 1 such that for every point 20 € D? one has

M (R"/L(2°),2°, F) < p1M (R'/L(z°), 2", F). (3)

2 GROWTH OF ANALYTIC IN A BIDISC FUNCTIONS OF BOUNDED L-INDEX IN JOINT
VARIABLES

At first, we will prove the following lemma.
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Lemma 1. If L € Q(D?), then for every j € {1,2} and for any fixed z* € D? one has |z;|l;(z* +
zjlj) — o0 as |z} + 2| = 1 - 0.

Proof. Taking into account (1), for j € {1,2} we obtain such an estimate

s
Li(z"+21) > ——— —
(2" 4 215) > T+ 5] +0o0

as |27 +z;| = 1-0. O

For growth estimates of analytic in a bidisc functions of bounded L-index in joint variables we
suggest that L(z) = (I1(|z1], |22]), l2(|z1], |22])) and for all z € D?, j € {1,2}

B

=) .

li(|21], | 22]) >

where 3 > 1 is some constant. For simplicity we will denote M (F, R) = max{|F(z)|: z € T?(0, R)},
where R = (r1,72) < (1,1). Also the following notation 3 = (3, ) will be used. The growth
estimates of various classes of holomorpic functions of several complex variables can be found [4, 5].
The following result was presented only in the dissertation of Petrechko N.V. [12].

Theorem 2. Let L € Q(B?) and L(2) = (I1(|z1], |22]), l2(]21], |22|)) satisfies (4). If an analyitc in
the bidisc D? function F has bounded L-index in joint variables, then

In M(F, R) =0 <mm{/0 ll(t,rg)dt—i—/oml (10, )dt; /Omz (1, )dt+/or2 lz(t,rg)dt})

asrTy — 1—0,79 = 1—-0, RO = (+9,7)) are fixed radii.

Proof. Let R >0, R <1, and z* € T*(0, R + LR )) be a point such that

|F(2")| = max{|F(z)| 2 eT? <o,R+ ﬂ)}.

L(R)
Let us denote 20 = W Then
120 — 22| = f”_z; - iﬂi/lj(f) :z(ﬁR) and
ERE oD itom | Y
L)1 em) (R o) L

We consider two sceletons T?( 2", ﬁ) and T?(2°, L(IZO) ). By Theorem 1 there exists p1 = p1(1,3) >
1 such that (3) is valid for R’ =1, R" = 3, i.e.

max{F(z)|:zeT2(0,R+Ifm)}=|F(z*)SmaX{IF(z)! z €T (2 O’LBR }—

:max{|F(z): z € T? (ZO’L(ﬂzO)>} §p1max{lF(z)!: z € T2< >}

gplmax{wz)\:ze’]r? (0,R+L(1R))}. (5)
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The function In™ max{|F(z)|: 2 € T?(0, R)} is a convex function in the variables Inry, Inro (see
[13, p. 84 |). Then the function admits the representation

I max{|E(2)]: = € T2(0, &)} ~ " max{[F(:)]: 2 € (0, R+ (0~ ot} = [ 472
(©)

I max{[F(2)]: 2 € TH0, R}~ n* max{([F()]: 2 € 0, R+ (4 1)} = [ 2200
2 ™)

for any 0 < 7“? <rj, j € {1,2}, where the functions A;(t,r2), Aa(r1,t) are positive non-decreasing
functions in the variable t.
Using (5), we establish

g 2 e P2 €7 (0,04 (2 ) e (i) 2 e (o.me 1)
:lnmax{|F(z): 2 eT? <O,R+ L(BR)>}—lnmaX{|F(z)|: 2 eT? <O,R+ +(L5(R) )12 >}+
lnmax{|F(z):z€'JI‘2 (0,R+W)}—lnmaX{F(z)|:zeT2 <O,R+L(1R)>}:
Lo 1) [ e ()
>1n<1—|—rlf(_R)1+1>Al<r1, l2(BR)>+1n<1+7ﬂf(_]%)1ﬂ>A2<r1+h(1}2),r2> (8)

By Lemma 1 one has rl1(R) — +oc as r; — 1 — 0,72 — 1 — 0. Hence, for j € {1,2} and r; > r?

we deduce

TR E R RO
n ~ .
lej(R) +1 le (R) +1 QTij(R)
Thus, for every j € {1,2} from inequality (8) it follows that
B > < 21np;

Lb(R)) ~ B-1
21Inpy

Az<r1+l1(1R) >_ﬁ rola(R).

Let RO = (r9,79), where every ¥ is chosen above. Applying consequently equalities (6) and (7), we
172 yr;

Ay (T‘l, o + T‘lll(R),

obtain

Inmax{|F(z)|: z € T*(0,R)} =
" At o)
t

~ Inmax{|F(2)|: zeT2(o,R+(r?—r1)11)}+/ dt —

0
"1

A (t "2 Ay (r9,t
= Inmax{|F(2)|: z € T2(0, R+ (r¥ — r1)11 + (1) — 12)12)} +/ l(t’m)dt +/ Mdt =

0 0 t
1 2

1 T2 0
_lnmax{]F(z)\:ZGTZ(O,RO)}+/ Al(?mdt*/ f‘b@;v’f)dK

0 0 -
1 2

< Inmax{|F(z)|: z € T2(0, R°)} + QBlnpl (/Tolh(tﬂ"z)dt—k/T (0,1 )dt)

1 0
1 2
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< Inmax{|F(2)|: z € T*(0, R°)} + 2ﬁlnp11 (/ l1(t77’2)dt+/ lo(rY, )dt)
- 0 0

<(1+ 0(1>)21np1 </0T1 Li(t,ro)dt + /01“2 G )dt)

5_1

Hence, the following asymptotic equality holds

Inmax{|F(z)|: = € T*(0, R)} = o(/oﬁ L (L, r)dt + /O b (r?. 1))

asry — 1 —0, 19 = 1 — 0, Clearly, the similar equality can be proved for other permutation oo of
the set {1, 2}, particularly,

In max{|F(z)|: = € T2(0, R)} :o(/omz (r1, )dt+/orl lg(t,rg)dt>

Hence, Equation (2) is true. Theorem 2 is proved. O

3 EXISTENCE THEOREM FOR ANALYTIC FUNCTIONS IN THE UNIT BIDISC WITH BOUNDED
MULTIPLICITIES OF ZERO POINTS

0

Let Zr be a zero set of the analytic function F: D?> — C. If 2° € Zp, then by pp(2?,29)

we will denote the multiplicity of zero point 20 = (29,29) of the function F(21,22), i.e. for all
J = (j1,j2) € Z2 with ji + jo < pr(2°) one has FU132) (29 29) = 0, but at least for one J = (j1, j2)
with j; + jo = pr(29, 29) the following equality holds F1:72)(20) +£ 0.

The following theorem was obtained for entire functions of several complex variables in [8] and
for functions analytic in the unit ball in [7]|. For polydisc it was announced in [9].

Theorem 3. In order that for an analytic function F : D> — C there exist a positive continuous

function L(z) = (I1(21, 22), l2(21, 22)) satisfying (1) such that F' is a function of bounded L-index

in joint variables it is necessary and sufficient that there exists p € Z, such that pr(z") < p for all
0

20 € Zp.

Proof. The proof is similar to the proof of Theorem 4 in [7] for analytic functions in the unit ball.

Necessity. To simplify the notation we consider everywhere in the proof py := pp(z{,29).
Necessity follows from the definition of bounded L-index in joint variables. Indeed, assume on the
contrary that

(Vp e Z+)(E|(zl,z2) €Zr): po>Dp.

This means that for some (j9,79) € Z% with j? + j9 = po one has F(jg’jg)(z1 29) # 0 and
FU12)(29 29) = 0 for all (ji,j0) € Z2 with j1 + j2 < po — 1 and (2{,29) € Zp. Therefore,
the L-index in joint variables at the point z° is not less than py > p, i.e.

N(F,L’ZO) ZPO>P

If p — +00, then we obtain that N(F,L,2°) — +oco. This contradicts the boundedness of L-index
in joint variables of the function F.
Sufficiency. Let p be the least integer such that V(z?, 28) € Zronehaspy < p.Let R = (r1,r2) €

R? with r; € [0,1), j € {1,2}. We define R = (r{,r9) = 1(min{l — r1,71}, min{l — ro, ro}),
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Kr = {2z € C?: 2 € D?[0, R+ R°] \ D?(0, R — R")} for all R = (r1,72) € [0,1) x [0,1). Also we
denote

mi(ry,r2) = min  max
(71,72 e
20€eKrNZEp j1+72<p

(J1:42) (50 50
£ J‘Q (‘21722)| : F(j17j2)(zg7zg) £07y.
Jilga!
Since F is an analytic function in the unit bidisc D?, there exists

E = E(r1,7r2) = (e1(r1,72),€2(r1,72)) > 0

such that 0 0
[FULD (21, 29)]  ma(r,2)

791591 -2

for all
z€ KpNGg, Gg= U D?(2°, E(ry,19)),
Py
and for all (49, 59) with 79 + j9 < pg and FUT42) (20, 29) + 0.
Let us denote

ma(ry,re) = min{|F(2)]: z € ]D)Q[O,R—F RO],Z ¢ Gp},
Q(r1,72) = min {m1(r1,72)/2, m2(r1,72), 1} .

For every z = (21, z2) € D? we put R = (|z1], |22]). Then at least one of the numbers |F(21, 22)|,

o 0 .0
|[FU1:92) (21 ,29)] |[FUT72) (21 ,2)

with j; + jo < p is not less than Q(r1,72) (respectively, | for (21,22) €

Til2] 7ls!
KrNGg and |F(21,292)| for (21,22) € Kg \ Gg). This yields
FULR) (2, 2 . .
max {' j1,§.2,1 . it < p} > Q(r1,72). (9)

Using Cauchy’s formula for bidisc D?[z, R°] we deduce that for all J = (j1, jo) with j; 4+ jo > p+1
one has

|FU132) (21, 25)| _
J1lja!

(27;)2 /T?( R0) (Tf(;)?’“dT - max{|F()|: 7 € D’[0, R+ R"]}.

(10)

A positive continuous function L(z1, 2z2) = (l1(21, 22), l2(21, 22)) can be chosen such that

max{1, max{|F(7)|: 7 € D?[0,R+ R°]}} & B }

l =1 = )
1(21,22) = oz, 22) max{ Q(r1,m2)(rfr§)ita "1—ry’1—19

where 8 > 1 is some constant, R = (r1,72) = (|21],|22]) and R® = (r{,79) = %(min{l —
|z1], |z1]}, min{1 — |22|, |22|}), @ € (0,1) is fixed.
From (9) and (10) it follows that for all j; + jo > p(lte)

(07

|FUL32) (21, 20)| / (12 1 (21, 22) 132 (21, 22))
max{ |F(k1,k2)(z1,22)\ . kl + k2 < p}

kllkg!llfl (zl,z2)l§2 (21,22)

<
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max{|F(7)|: 7 € D?[0, R + Ry]} 1 <
N Q(r1,72) (r))7(r9)72 max{l{l_kl(zl, zg)l%é_}€2 (21,22) k1 + ko <p}
< max{|F(7)|: 7 € D?[0, R+ Ry}

min{IJ T (2 20) k4 ke < p) <

QUr, o) (rErg)FFe) G )
< iy (s 7 € D20, R Rol}}y G/
Qg+ )

_ lfll?—(j1+j2)04/(1+04)(z) <1

—_— Y

because p — (j1 + j2)a/(1 + ) <0, (j1 + j2)/(1 + @) > £ > 1 and l1(21,22) > 1. Hence, we have
that for all j; + ja2 > p(1+a)

|F132) (21, 25))| B max{ | F(RLR2) (21 2)]

—— - < C ki + ke <p;.
]1!]2”{1 (21,2’2)[%2 (Zl,ZQ) kﬂkg!llfl (21722)l§2 (21,22) }

In view of arbitrariness of z, the analytic function F' has bounded L-index in joint variables and

its L-index in joint variables does not exceed 2p, because 2 p(l+a) +a) —2pas a— 1. O
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OTpuMaHO OIIHKY 3POCTAHHS JIJIsl AHAJITHIHAX B OJUHIIHOMY OIKpy3i DyHKITIH 0OMeXKeHO-
ro L-inzmexcy 3a cykyunictio sminanx. Binnosimxa nomataa Henepepsra dbynkiia L(z1, z2) =
(I1(22, 22), l2(21, 22)) 3a70BOJILHsIE JIOJATKOBY YMOBY Ha IOBOJKeHHsI B GIKpys3i: st KOXKHOT
Toukn z = (z1,%2) 3 omuHmuHOro Gikpyra D? Bimmosiame snauenns byHKIT l; y miit Toumi
Ginpbme 3a Benmummy, obepHeRy 10 1 — |z;|, mommoxkeny Ha f, 10610, 1;(2) > B/(1 — |2;|) Ans
koxkHoro j € {1,2} ra geskoi cramnoi 8 > 1. TakoxK MU JIOBOIUMO, IO JIJIs KOXKHOI aHAJITHIHOL
B OIMHUIHOMY OIKpy3i DYHKIIT 3 00MEKEHOI0 KPATHICTIO HYJIHOBUX TOYOK iCHY€ J0/IaTHA HEIle-
pepera dyHKIst L(21, 20) = (11 (22, 22), la(21, 22)), A kol Taka aHasgiTaaHa BYHKIS MaTIMe
obmexkenuit L-injexc 3a cyKynHiCTIO 3MIHHUX.



