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ÑÈÌÂÎËÀÌÈ
Ñôîðìóëüîâàíî íåîáõiäíi é äîñòàòíi óìîâè iñíóâàííÿ â ïðîñòîði 2π�ïåðiîäè÷íèõ ðîçïî-

äiëiâ ãðàíè÷íèõ çíà÷åíü ïðè t → +0 ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ ïñåâäîäèôåðåíöiàëüíèõ ñèñòåì
ç îïóêëèìè ñèìâîëàìè ïñåâäîäèôåðåíöiþâàííÿ, çàëåæíèìè ëèøå âiä ÷àñîâîãî ïàðàìåòðà.

In the space of 2π�periodic distributions formulated the necessary and su�cient conditions
for the existence of boundary values t → +0 of solutions of parabolic PDS with convex symbols
that are dependent on the time parameters.

Âñòóï. Òåîðiÿ ïðîñòîðiâ ôîðìàëüíèõ
òðèãîíîìåòðè÷íèõ ðÿäiâ [1] ó ïî¹äíàííi ç
êëàñè÷íîþ òåîði¹þ ïàðàáîëi÷íèõ ñèñòåì [2�
4] äà¹ äîñòàòíüî åôåêòèâíèé iíñòðóìåíòàðié
äîñëiäæåííÿ çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ
ñèñòåì ÿê äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷à-
ñòèííèìè ïîõiäíèìè, òàê i ïñåâäîäèôåðåí-
öiàëüíèõ ðiâíÿíü ó ïðîñòîðàõ ïåðiîäè÷íèõ
ôóíêöié.

Òàêèé ïiäõiä äîçâîëèâ ó [5] îïèñàòè ìà-
êñèìàëüíó ìíîæèíó M óçàãàëüíåíèõ ïî-
÷àòêîâèõ äàíèõ, ç ÿêèìè çàäà÷à Êîøi äëÿ
ïåðiîäè÷íèõ ïàðàáîëi÷íèõ ïñåâäîäèôåðåí-
öiàëüíèõ ñèñòåì (ÏÄÑ) iç øèðîêîãî êëàñó
L−→

Ω
(ÿêèé ìiñòèòü −→2b�ïàðàáîëi÷íi ñèñòåìè iç

çàëåæíèìè ëèøå âiä ÷àñó êîåôiöi¹íòàìè) ¹
êîðåêòíî ðîçâ'ÿçíîþ. Öÿ ìíîæèíà M ¹ äî-
ñèòü áàãàòîþ íà åëåìåíòè i ìiñòèòü ó ñîái
ðiçíi ïðîñòîðè îñíîâíèõ òà óçàãàëüíåíèõ ïå-
ðiîäè÷íèõ ôóíêöié. Ó çâ'ÿçêó ç öèì âèíè-
êà¹ ïðèðîäíà çàäà÷à ïðî çíàõîäæåííÿ óìîâ
íà ïîâåäiíêó ðîçâ'ÿçêó ñèñòåìè ïðè äîñèòü
ìàëèõ çíà÷åííÿõ t, ÿêi ãàðàíòóþòü iñíóâàí-
íÿ ó öüîãî ðîçâ'ÿçêó ãðàíè÷íèõ çíà÷åíü ïðè
t → +0 ó òîìó ÷è iíøîìó ïðîñòîði, ùî ìi-
ñòèòüñÿ â M.

Òóò, ðîçâèâàþ÷è ðåàëiçîâàíó â [6, 7] iäåþ,
ñôîðìóëüîâàíî òà äîâåäåíî îçíàêó iñíóâàí-
íÿ ãðàíè÷íèõ çíà÷åíü ðîçâ'ÿçêiâ çàçíà÷åíèõ
ÏÄÑ ó ïðîñòîði 2π�ïåðiîäè÷íèõ ðîçïîäiëiâ.

1. Ïîïåðåäíi âiäîìîñòi. Íåõàé N
� ìíîæèíà íàòóðàëüíèõ ÷èñåë, Nm :=

{1; . . . ; m}, C � ìíîæèíà êîìïëåêñíèõ ÷è-
ñåë; Rn � n-âèìiðíèé åâêëiäiâ ïðîñòið, x =
(x1, . . . , xn), y = (y1, . . . , yn) � éîãî åëåìåí-
òè (âåêòîðè), (x, y) =

n∑
j=1

xjyj � ñêàëÿð-

íèé äîáóòîê ó Rn, ‖x‖2 = (x, x), C∞
2π(L) �

ïðîñòið óñiõ íåñêií÷åííî äèôåðåíöiéîâíèõ
2π-ïåðiîäè÷íèõ ôóíêöié, âèçíà÷åíèõ íà L,
à ωj(·) � çðîñòàþ÷i, íåïåðåðâíi ôóíêöi¨ íà
[0; +∞), ïðè÷îìó ωj(0) = 0 i lim

t→+∞
ωj(t) =

+∞, j ∈ Nn. Ïîêëàäåìî

Ωj(t) =

t∫

0

ωj(ξ)dξ, t ≥ 0, j ∈ Nn;

ôóíêöiÿ Ωj(·) ìà¹ òàêi âëàñòèâîñòi (äèâ., íà-
ïðèêëàä, [5]):
1) âîíà äèôåðåíöiéîâíà, çðîñòàþ÷à íà
[0; +∞);
2) Ωj(0) = 0, lim

t→+∞
Ωj(t) = +∞;

3) Ωj(·) � îïóêëà (äîíèçó) ôóíêöiÿ.
Äîâèçíà÷èìî Ωj(·), j ∈ Nn, íà (−∞, 0) ïàð-
íèì ñïîñîáîì i ïîêëàäåìî
−→
Ω(x) := {Ω1(x1); . . . ; Ωn(xn)}, x ∈ Rn.

Ïîäiáíèì ñïîñîáîì çà àíàëîãi÷íèìè äî
ωj(·) ôóíêöiÿìè µj(·), j ∈ Nn, âèçíà÷èìî
âåêòîð-ôóíêöiþ
−→
M(x):={M1(x1); . . . ; Mn(xn)}, x ∈ Rn,

i ðîçãëÿíåìî G−→
M

� ñóêóïíiñòü óñiõ ôóíêöié
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ϕ ç C∞
2π(Rn), ÿêi äîïóñêàþòü àíàëiòè÷íå ïðî-

äîâæåííÿ íà âåñü Cn, äëÿ ÿêèõ

|ϕ(x + iy)| ≤ ce(1,
−→
M(δy)), (x + iy) ∈ Cn, (1)

äå c, δ � äîäàòíi ñòàëi, çàëåæíi ëèøå âiä ϕ à
(1,
−→
M(δy)):=

n∑
j=1

Mj(δyj).

Ìíîæèíà ôóíêöié ϕ ∈ G−→
M
, äëÿ ÿêèõ íå-

ðiâíiñòü (1) âèêîíó¹òüñÿ ïðè δ = b > 0, óòâî-
ðþ¹ áàíàõiâ ïðîñòið G−→

M,b
âiäíîñíî íîðìè

‖ϕ‖b = sup
x∈[|0;2π|], y∈Rn

{
|ϕ(x + iy)|e−(1,

−→
M(by))

}
,

ϕ ∈ G−→
M,b

(òóò [|0; 2π|] = [0; 2π]n ⊂ Rn). Ïðè öüîìó âñi
âêëàäåííÿ G−→

M,b1
⊂ G−→

M,b2
, b1 < b2, ¹ êîìïà-

êòíèìè i G−→
M

=
⋃

b>0G−→M,b
[5].

Ïðîñòið óñiõ àíòèëiíiéíèõ íåïåðåðâíèõ
ôóíêöiîíàëiâ íà G−→

M
çi ñëàáêîþ çáiæíi-

ñòüþ ïîçíà÷à¹òüñÿ ñèìâîëîì G′−→
M
; ïðè öüîìó

G′−→
M

= lim
b→∞

prG′−→
M,b

, äå G′−→
M,b

� ïðîñòið, òîïî-
ëîãi÷íî ñïðÿæåíèé ç G′−→

M,b
.

Äàëi, íåõàé Φ′, (C∞
2π(Rn))′ i L2([|0; 2π|])

� ïðîñòîðè âiäïîâiäíî ôîðìàëüíèõ òðèãî-
íîìåòðè÷íèõ ðÿäiâ, 2π�ïåðiîäè÷íèõ ðîçïî-
äiëiâ, à òàêîæ âèìiðíèõ çà Ëåáåãîì 2π�
ïåðiîäè÷íèõ é iíòåãðîâíèì ç êâàäðàòîì â Rn

ôóíêöié [6].
Äëÿ çàçíà÷åíèõ ïðîñòîðiâ âèêîíóþòüñÿ

òàêi íåïåðåðâíi é ùiëüíi âêëàäåííÿ [5, 6]:
G−→

M
⊂ C∞2π(Rn) ⊂ L2([|0; 2π|]) ⊂
⊂ (C∞2π(Rn))′ ⊂ G′−→

M
⊂ Φ′.

Åëåìåíòè ïðîñòîðó (C∞2π(Rn))′ ìîæíà îõà-
ðàêòåðèçóâàòè ÷åðåç ¨õ êîåôiöi¹íòè Ôóð'¹ ck

òàê [1]:
(A) {f ∈ (C∞2π(Rn))′} ⇔ {∃c > 0 ∃r ∈ N

∀k ∈ Zn : |ck(f)| ≤ c‖k‖r}.
Ïîçíà÷èìî ÷åðåç L−→

Ω
([0; T ]), 0 < T <

+∞, êëàñ, îçíà÷åíèé â [5], òîáòî ñóêóïíiñòü
óñiõ ôóíêöié a : [0; T ]× Zn → C òàêèõ, ùî:

1) supt∈[0;T ] |a(t, k)| ≤ c0L(k), c0 >
0, (∀k ∈ Zn), äå L(·) òàêà äîäàòíà ôóíêöiÿ,
ùî

∃c1 > 0 ∀δ ∈ (0; 1) :

sup
k∈Zn

{L(k)e−δ(1,
−→
Ω(k))} ≤ c1δ

−1;

2) ∃c2 ≥ 0 ∀t ∈ [0; T ] ∀ε ∈ (0; 1) ∃ν(ε) > 0,
ν(ε) −−→

ε→0
0, ∀k ∈ Zn :

|a(t + ε, k)− a(t, k)| ≤ ν(ε)(L(k) + c2).

Äëÿ a(·, ·) ç L−→
Ω
([0; T ]) ïîêëàäåìî

fa(·) :=
∑

k∈Zn

a(t, k)ei(k,·), t ∈ [0; T ],

i â ïðîñòîði G−→
M

ç âåêòîð�ôóíêöi¹þ −→
M , äâî-

¨ñòîþ çà Þíãîì ç −→Ω , îçíà÷èìî ïñåâäîäèôå-
ðåíöiàëüíèé îïåðàòîð Aa òàê:

Aaϕ = fa ∗ ϕ (∀ϕ ∈ G−→
M

)

(òóò ñèìâîëîì ∗ ïîçíà÷åíî îïåðàöiþ çãîð-
òêè). Ïðî îñíîâíi âëàñòèâîñòi òà ïðèêëàäè
îïåðàòîðà Aa, à òàêîæ ïðî éîãî ïðîäîâæåí-
íÿ íà øèðøi êëàñè ôóíêöié äèâ. ó [5].

×åðåç AAt = (Aaij
)m
i,j=1, m ∈ N, ïîçíà÷è-

ìî ìàòðè÷íèé ïñåâäîäèôåðåíöiàëüíèé îïå-
ðàòîð ó âåêòîðíîìó ïðîñòîði G−→

M
ç ïàðàìå-

òðîì t ∈ [0; T ], ïîáóäîâàíèé çà ìàòðèöåþ-
ñèìâîëîì At(·) = (aij(t, ·))m

i,j=1 êîæåí åëå-
ìåíò ÿêî¨ íàëåæèòü äî êëàñó L−→

Ω
([0; T ]), òîá-

òî îïåðàòîð, äiÿ ÿêîãî íà åëåìåíòàõ ϕ ç G−→
M

ïðè êîæíîìó ôiêñîâàíîìó t ∈ [0; T ] çàäà¹-
òüñÿ íàñòóïíèì ñïîñîáîì:

(AAtϕ)(t, ·) =

= col

(
m∑

j=1

(Aa1j
ϕj)(t, ·); . . . ;

m∑
j=1

(Aamj
ϕj)(t, ·)

)
,

äå ϕj � êîîðäèíàòè âåêòîðà ϕ.
Ç òàêèì îïåðàòîðîì AAt ðîçãëÿíåìî ñè-

ñòåìó
∂tu(t, x) = (AAt)(t, x),

(t, x) ∈ ΠT := (0; T ]× Rn, (2)

â ÿêié u = col(u1, . . . ; um), ïðèïóñòèâøè âè-
êîíàííÿ äëÿ öi¹¨ ñèñòåìè òàêî¨ óìîâè:

∃δ± > 0 ∃c± ≥ 0 ∀t ∈ [0; T ] ∀k ∈ Zn ∀j ∈ Nm :

−c− − δ−(1,
−→
Ω(k)) ≤

≤ Reλj(t, k) ≤ −δ+(1,
−→
Ω(k)) + c+
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(òóò λj � âëàñíi ÷èñëà ìàòðèöi At � ñèìâîëó
îïåðàòîðà AAt).

ßêùî äëÿ ñèñòåìè (2) çàäàòè ïî÷àòêîâó
óìîâó

u(t, ·)|t=0 = f, f ∈ G′−→
M

, (3)

i ïiä ðîçâ'ÿçêîì çàäà÷i Êîøi (2), (3) ðî-
çóìiòè âåêòîð-ôóíêöiþ u(t, x), (t, x) ∈ ΠT ,
ÿêà ïðè êîæíîìó ôiêñîâàíîìó t ç (0; T ] íà-
ëåæèòü äî îáëàñòi âèçíà÷åííÿ ìàòðè÷íîãî
îïåðàòîðà AAt , ¹ ñèëüíî äèôåðåíöiéîâíîþ
çà t íà (0; T ] ó ïðîñòîði G−→

M
, çàäîâîëüíÿ¹

ñèñòåìó (2) ó çâè÷àéíîìó ðîçóìiííi, à ïî-
÷àòêîâó óìîâó (3) � ó ñåíñi ñëàáêî¨ çáiæíî-
ñòi â G′−→

M
, òî ïðàâèëüíå òàêå òâåðäæåííÿ [5]:

ïðîñòið G′−→
M

¹ ìàêñèìàëüíèì êëàñîì ïî÷à-
òêîâèõ äàíèõ, ç ÿêèìè çàäà÷à Êîøi (2), (3)
êîðåêòíî ðîçâ'ÿçíà; ¨¨ ðîçâ'ÿçîê u(t, ·) ïðè
êîæíîìó ôiêñîâàíîìó t ∈ (0; T ] ¹ åëåìåí-
òîì G−→

M
, çîáðàæó¹òüñÿ ôîðìóëîþ

u(t, x) = G(t, x) ∗ f, (t, x) ∈ ΠT ,

â ÿêié G(t, ·) � ôóíäàìåíòàëüíà ìàòðèöÿ
ðîçâ'ÿçêiâ çàäà÷i Êîøi, ïðè÷îìó äëÿ òîãî,
ùîá ãðàíè÷íå çíà÷åííÿ f ðîçâ'ÿçêó u(t, ·)
(ïðè t → +0) íàëåæàëî äî L2([|0; 2π|]), íå-
îáõiäíî é äîñòàòíüî, ùîá

∃c > 0 ∀0 < t ¿ 1 : ‖uj(t, ·)‖L2([|0;2π|]) ≤ c,

ïðè öüîìó çàâæäè u(t, ·)L2([|0;2π|])−→
t→+0

f .

2. Îñíîâíèé ðåçóëüòàò. Ïðàâèëüíå òà-
êå òâåðäæåííÿ.

Òåîðåìà.Íåõàé f ∈ G′−→
M
, u � âiäïîâiäíèé

ðîçâ'ÿçîê çàäà÷i Êîøi (2), (3), à êîìïîíåí-
òè Ων(·), ν ∈ Nn, äâî¨ñòî¨ çà Þíãîì ç −→M
âåêòîð�ôóíêöi¨ −→Ω òàêi, ùî:

1) âiäïîâiäíi ôóíêöi¨ ων(·) � äèôåðåíöi-
éîâíi íà [0; +∞);

2) ðîçâ'ÿçîê ðiâíÿííÿ

Ων(ρ) = δΩν(k)

äëÿ âñiõ k ∈ Z i δ > 0 âèðàæà¹òüñÿ ñòå-
ïåíåâî ÷åðåç k. Òîäi äëÿ òîãî, ùîá f ∈
(C∞

2π(Rn))′, íåîáõiäíî é äîñòàòíüî, ùîá

∃c > 0 ∃δ > 0 ∃r ∈ N ∀t ∈ (0; T ] ∀j ∈ Nm :

‖uj(t, x)‖L2([|0;2π|]) ≤

≤ c

n∏
ν=1

ρ2(r+1)
ν exp{−2δtΩν(ρν)}, (4)

äå ρν � ðîçâ'ÿçîê ðiâíÿííÿ

tρων(ρ) = (r + 1)/δ. (5)

Äîâåäåííÿ. Íàâåäåìî ñõåìó äîâåäåííÿ
ó âèïàäêó n = 1 (ðåøòà çíà÷åíü n ∈ N ðåà-
ëiçóþòüñÿ àíàëîãi÷íî).

Íåõàé f ∈ (C∞
2π(Rn))′, òîäi çãiäíî ç êðè-

òåði¹ì (À) (äèâ. ïîïåðåäíié ïóíêò)

∃c0 > 0∃r ∈ N : |ck(fj)| ≤ c0|k|r, k ∈ Z, j ∈ Nm.

Çâiäñè, âðàõîâóþ÷è ñòðóêòóðó ðîçâ'ÿçêó çà-
äà÷i Êîøi (2), (3)

u(t, x) =
∑

k∈Z
ck(u)eikx, (t, x) ∈ ΠT ,

äå

ck(u) = θt(k)ck(f), t ∈ (0; T ], k ∈ Z,

a θt(·) = (θij
t (·))m

i,j=1 � ìàòðèöàíò âiäïîâiäíî¨
äâî¨ñòî¨ çà Ôóð'¹ ñèñòåìè äî (2), òà îöiíêó
[5]

|θt(k)| ≤ c exp{−tδΩ1(k)}, t ∈ (0; T ], k ∈ Z
(òóò |(aij)

m
i,j=1| := max

i,j
|aij|), îäåðæèìî

‖uj(t, x)‖L2([|0;2π|]) =
∑

k∈Z

∣∣∣∣∣
m∑

q=1

θjq
t (k)ck(fq)

∣∣∣∣∣

2

≤

≤ (cc0)
2
∑

k∈Z

(
m∑

q=1

exp{−δtΩ1(k)}|k|r
)2

≤

≤ (mcc0)
2
∑

k∈Z
|k|2r exp{−2δtΩ1(k)} ≤

≤ (mcc0)
2


 ∑

k∈Z\{0}
|k|−2


 exp{−2δtΩ1(k)}×

× sup
ρ>0

{
ρ2(r+1)e−2δtΩ1(ρ)

}
.
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Áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ, ùî
sup
ρ>0

{
ρ2(r+1)e−2δtΩ1(ρ)

}
äîñÿãà¹òüñÿ â òî-

÷öi ρ = ρ1(t), äå ρ1(t) � ðîçâ'ÿçîê ðiâíÿííÿ
(5) ïðè ν = 1, òîáòî

sup
ρ>0

{
ρ2(r+1)e−2δtΩ1(ρ)

}
= ρ

2(r+1)
1 e−2δtΩ1(ρ1).

Íàâïàêè, íåõàé âèêîíó¹òüñÿ óìîâà (4).
Òîäi êîìïîíåíòè êîåôiöi¹íòiâ Ôóð¹ ck(u)
ðîçâ'ÿçêó u çàäîâîëüíÿþòü íåðiâíiñòü

∣∣∣
m∑

q=1

θjq
t (k)ck(fq)

∣∣∣≤ cρ
2(r+1)
1 e−2δtΩ1(ρ1),

k ∈ Z, t ∈ (0; T ], j ∈ Nm,

àáî æ ∣∣∣θt(k)ck(f)
∣∣∣≤ cρ

2(r+1)
1 e−2δtΩ1(ρ1),

k ∈ Z, t ∈ (0; T ].

Ïåðåìíîæèâøè òåïåð ïî÷ëåííî îñòàííþ
íåðiâíiñòü íà m|θ−1

t (k)| i âçÿâøè äî óâàãè
î÷åâèäíó íåðiâíiñòü

|(bij)
m
i,j=1(di)

m
i=1| ≤ m|(bij)

m
i,j=1||(di)

m
i=1|,

ìà¹ìî

|ck(f)| ≤ mcρ
2(r+1)
1 e−2δtΩ1(ρ1)|θ−1

t (k)|,
k ∈ Z, t ∈ (0; T ].

Çâiäñè, ñêîðèñòàâøèñü îöiíêîþ [5]

|θ−1
t (k)| ≤ c exp{tδ0Ω1(k)}, t ∈ (0; T ], k ∈ Z,

îäåðæèìî

|ck(f)| ≤ c1 inf
t∈(0;T ]

{
ρ

2(r+1)
1 e−t(2δΩ1(ρ1)−δ1Ω1(k))

}

äëÿ âñiõ k ∈ Z i δ1 ≥ δ0.
Çíàéäåìî

inf
t∈(0;T ]

{
ρ

2(r+1)
1 e−t(2δΩ1(ρ1)−δ1Ω1(k))

}

ñêîðèñòàâøèñü âiäïîâiäíèìè çàñîáàìè äè-
ôåðåíöiàëüíîãî ÷èñëåííÿ. Äëÿ çíàõîäæåííÿ
ñòàöiîíàðíèõ òî÷îê ðîçâ'ÿæåìî ðiâíÿííÿ

(
ρ

2(r+1)
1 (t)e−t(2δΩ1(ρ1(t))−δ1Ω1(k))

)′
t
= 0,

àáî, ùî òå æ ñàìå,

2(r + 1)ρ′1 − 2ρ1δΩ1(ρ1) + ρ1δ1Ω1(k)−
−2tδρ1ω1(ρ1)ρ

′
1 = 0.

Ç îãëÿäó íà òå, ùî ρ1(t) � ðîçâ'ÿçîê ðiâíÿííÿ
(5), îñòàííÿ ðiâíiñòü íàáóäå âèãëÿäó

2δΩ1(ρ1(t)) = δ1Ω1(k), k ∈ Z, t > 0, δ1 ≥ δ0.
(6)

Îñêiëüêè ρ1(t) çðîñòà¹ ïðè íàáëèæåííi t
äî íóëÿ (äèâ. ðiâíÿííÿ (5)), à ôóíêöiÿ Ω1(·)
¹ ìîíîòîííî çðîñòàþ÷îþ íà [0; +∞), òî íà-
ëåæíiñòü ñòàöiîíàðíî¨ òî÷êè t = t0 (òîáòî
ðîçâ'ÿçêó ðiâíÿííÿ (6)) äî ïðîìiæêó (0; T ]
äîñÿãà¹òüñÿ øëÿõîì âèáîðó äîñèòü âåëèêî-
ãî δ1. Çâàæàþ÷è ïðè öüîìó íà óìîâó 2) âè-
õiäíî¨ òåîðåìè, ç ðiâíîñòi (6) ïðèõîäèìî äî
iñíóâàííÿ ñòàëèõ c0 > 0 i q ∈ N òàêèõ, ùî

inf
t∈(0;T ]

{
ρ

2(r+1)
1 e−t(2δΩ1(ρ1)−δ1Ω1(k))

}
≤ c0|k|q, k ∈ Z,

à âiäòàê, i äî íàëåæíîñòi f äî (C∞
2π(Rn))′

(äèâ. êðèòåðié (À)).
Òåîðåìó äîâåäåíî.
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